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ABSTRACT 
If A is an n X n matrix and 9 a complex number, then the q-permanent of A is 
defined as 
where 8, is the symmetric group of degree n and Z(a) denotes the number of 
inversions of (T [i.e., the number of pairs i,j such that 1 < i <j Q n and a(i) > 
m(j)]. The function is of interest in that it includes both the determinant and the 
permanent as special cases. It is known that if A is positive semidefinite and if 
- 1 < 4 < 1, then per4 A > 0. We obtain some results for the q-permanent, includ- 
ing Gram’s inequality. It has been conjectured by one of the authors that if A is 
positive definite and not a diagonal matrix, then per4 A is strictly increasing in 
[ - 1, 11. We propose some more conjectures. 
1. PRELIMINARIES 
Let S, denote the symmetric group on n symbols. If (T E S,, then Z(C) 
will denote the number of inversions of CT. Recall that an inversion of CT is a 
pair (i,j> such that 1 < i <j < n and c+(i) > a(j). 
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For a square matrix A, we write A > 0 to indicate that A is Hermitian 
positive semidefinite. Also, A 2 B means that A > 0, B > 0, and A - B > 
0. 
If A is an n X n matrix and 9 a complex number, then we define the 
q-permanent of A, denoted by pery A, as 
Observe that per_, A = det A, per, A = IIqzlai,, and perI A = per A, 
where det and per denote determinant and permanent, respectively. Here we 
have made the usual convention that 0’ = 1. The q-permanent thus provides 
a parametric generalization of both the determinant and the permanent. The 
main purpose of this paper is to initiate a study of the y-permanent, to prove 
an analogue of Gram’s equality (which, in turn, is a special case of the 
Cauchy-Binet formula) for the q-permanent, and to formulate some open 
problems. The q-permanent appears to be a function with a very rich 
structure, but at the same time it does not lend itself to manipulations very 
easily. 
We introduce further notation. For an n X n matrix A and for (T E S, 
we define d,(A) = II:= ,u,~(~), the diagonal product of A corresponding to 
the permutation cr. If A is an n X n matrix, then the Schur power matrix of 
A, denoted by II(A), has b een defined as follows (see, for example, [I2]). 
The rows and columns of II(A) are indexed by S,. If (T, r E S,, then the 
(a, T) entry of II(A) is 
It can be seen that II(A) is a principal submatrix of the Kronecker product 
8 ‘“A = A 63 A 8 . * * 8 A, taken n times, and therefore, if A > 0 then 
II(A) > 0. 
If 9 is a complex number, define the n! X n! matrix r7 as follows. It is 
clear that I; depends on the number n, but we will not use that fact, as we 
fix n. The rows and columns of IY4 are indexed by S,. If u , r E S,, then the 
((T, 7) entry of I?, is 9’(‘“-“. We set 
K&4) = W+r,, 
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where 0 denotes the Hadamard product. Observe that 
Fry A = -+,( A)l, 0, (1) 
where 1 is the column vector of all ones. 
DEFINITION. A function f : S, + C is said to be positive definite on S, 
if the n! x n! matrix 
It has been proved by Boiejko and Speicher [4] that if q E [ - 1, 11, then 
lY4 > 0. This statement is of course equivalent to the assertion that the 
function cr + q 1((T) is positive definite on S,. It follows now from (1) that if 
A > 0 and q E [ - 1, 11, > 0. This is a very fundamental 
property of the q-permanent which suggests the possibility that the function, 
viewed as a generalization of the determinant and the permanent, merits 
further investigation. 
The representation (1) allows one to obtain some basic properties of the 
q-permanent in almost the same manner as one would obtain these for the 
determinant and the permanent. To give a flavor of this technique, we prove 
two results next. Standard multilinear algebra methods (see, for example, 
[1,2, 111) may b employed prove some properties, but do not 
this further. 
1. 
(i) If A > 0, B > 0 and q E [ - 1, l], then 
per,( A + B) >, per,(A) + per,,(B). 
(ii) Cauchy-Schwarz inequality. Zf B, C are n X m matrices, then 
Iper,( BC*)I” < pery(CC*) per,( BB*). 
Proof. (i): Since 
II(A + B) > n(A) + n(B), 
we get 
II,& A + B) > II,(A) + II&B). 
Now the result follows from (1). 
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(ii): Since r4 > 0, we can write 
for some column vectors vr,. . . , rl,. Let & = ?i, for i = 1,2,. . . , m. 
If x is a vector of order n! with its elements indexed by S,, then we 
denote by x^ the vector of order n” defined as follows. The elements of x^ are 
indexed by sequences (ir , . , . , i,) of integers from 1,2, . . . , n. The 
(iI,. . . , i,)th coordinate of x^ is equal to the corresponding coordinate of x if 
(i 1>“‘> in> is a permutation of 1,2,. . . , n, and zero otherwise. Using (l), the 
Cauchy-Schwarz inequality, and the definition of the Schur power matrix, we 
have 
n!lper,( BC*)I = I(II,( X*)1,1)1 
= IqrI(BC*)qJl, 01 
= C ln( BC*)ti, Ti> 
i=l 
= igl (( ~ncc*)&, &)li2((~nB~*)&, $i)1’2 
= igl(n(CC*)&, Ci>““(‘(BB*)Ei, 5i)“2 
G 
i 
igl (‘(CC*)5i, ti> E <n( BB*)ti, ti)) 
l/2 
i=l 
= n!{per,(CC*) per4( BB*)}“‘, 
n and the proof is complete. 
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Let us note the following before coming to the remarks. If m > 2 is an 
integer and q a complex number, then we define 
m!!= (1 + q)(l + q + q2) *a* (1 + q + q2 + *.. +q”-‘). 
We also set O!! = l!! = 1. For convenience our notation here does not involve 
q. The following fact, due to Muir, is well known (see, for example, [5, p. 
2391): 
(2) 
Note that if q = - 1 then m!! = 0 for m > 2. For convenience we will make 
the convention that O/O = 0 throughout this paper. This saves us the trouble 
of considering the case q = - 1 separately at each stage. We will also use the 
fact that I((+) = E(cr-l). 
REMARK. The first two assertions below are easily proved using (ii) of 
Lemma 1. For the third, we apply (ii) of Lemma 1 to the matrix Al,*; where 
J” is an n X n matrix with each entry l/n. 
(i) If A is a square matrix, then 
lpery Ai2 < perq( AA*). 
(ii) Let A = HU, where U is unitary and H > 0. Then 
[per, Ai2 d perq( H2). 
(iii) If A is an n X n matrix with row sums TV, r2,. . . , rn, then 
per4( AA*) z 2 filr,12. 
i=l 
The q-permanent admits Laplace expansion with respect to the first or the 
last row (or column). Thus, denoting by A(i, j) the submatrix obtained by 
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deleting row i and column j, we have 
per4 A = ali per4 A(l, 1) + qa,, per4 A(1,2) + *** +qn-‘aln per4 A(1, n) 
(3) 
and 
perq A = q”-‘u,,i per4 A( n, 1) + qn-‘un2 per4 A( n,2) 
+ a** +u,,per, A(n, n). (4) 
These expansions can be proved using the definition. 
2. GRAM’S INEQUALITY 
The Cauchy-Binet formula (see, for example, [13]) is a very useful tool in 
the study of the determinant and the permanent. The formula gives an 
expansion for det( BC* ) [or pel(BC* )] ’ m t erms of minors [or subpermanents] 
of B and C. The special case of this formula, obtained when B = C, has 
been termed Gram’s formula in the literature (see [lo, p. 331). The q-perma- 
nent does not seem to admit a Cauchy-Binet expansion. However, it is 
possible to prove Gram’s inequality for the function. This is achieved in the 
present section. 
We need to develop some preliminaries before coming to the main result. 
The following notation will be used. If r E S,, the P” will denote the 
permutation matrix corresponding to rr. Thus the (i, j) entry of P” is 1 if 
j = r(i) and 0 otherwise. 
We denote by fi(r, n) the set of all r-tuples k = (k,, . . . , k,) of nonnega- 
tive integers k,, . . . , k, such that CL,lki = n. 
Let B = (B,, B,,..., B,) be an n x r matrix, where Bi denotes the ith 
column of B. If k E fl(r, n), then we denote by B(k) the n X n matrix 
B 1 ,..., B,,B, ,..., B, ,..., B, ,..., B, 
-- 
k, k, k, 
If D is an n X n matrix, then we set 
6(D) = (per4 D) fizsi. 
i=l 
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We will deal with partitions of {1,2, . . . , n). For k E Nr, n) let SW 
denote the collection of all partitions 
z!= (U,,...,U,) 
of {1,2,. . . ) n) such that the cardinality of Vi is ki for i = 1,2,. . . , r. 
Choose and fix k E R(r, n). Let I, = (1, . . . . k,}, I, = {k, + l,..., k, 
+ k,l,. . . , I, = {n - k, + 1,. . ., n}. We call 4= (I,, . . . , I,) the standard 
partition in P(k). 
If % E P(k) and if u E S,, then we say that (T < %! if (T maps q onto Zj 
for j = 1,2, . . . , r. 
Let % ~9(k), and let B be an n X r matrix. We define 
It will be convenient to order the elements of T(k) lexicographically. Then 
the standard partition 4 will precede all other partitions. 
Suppose - 1 < 9 < 1. We construct matrices G, H as follows. Both G 
and H are square matrices whose order is the same as the cardinality of 90(k) 
(which equals n!/k,! **a k,!). The rows and columns of G, H are indexed by 
p(k). If %, 7~ T(k), then the (%, V) entry of G and H is defined as 
and 
1 
h cc %,s-= k,!! ... k,!! ~<~ T<v9 
Nfl)+KT) 
’ 
With this notation we have the following. 
LEMMA 2. One has G > H. Equality holds if 9 = 1. 
Proof. Clearly, G = H if 9 = 1. As remarked earlier, 
r4 = ((9”4))),, >, 0. (5) 
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Construct a matrix Z as follows. The rows and columns of Z are indexed by 
Y(k). If 9, YE P(k), then the (%, Y) entry of Z is 
It follows easily from (5) that Z > 0. (Any quadratic form (ZX, x > can be 
seen as a quadratic form in 14.> 
Observe that for any %! E 9(k), 
and 
in view of (2). It is immediate from (71, (8) that the first row (column) of G is 
identical with the first row (column) of H. It remains to show that the 
submatrix, call it W, of G - H obtained by deleting its first row and column 
is positive semidefinite. Let T be the submatrix of Z obtained by deleting its 
first row and column, and suppose Z is partitioned as 
It is an easy verification that 
w= k,! .:. k,! iT- $‘“*j. 
the Schur complement of T in Z. Since Z > 0, we get W > 0 and the proof 
is complete. n 
The main result of this section is Gram’s inequality for the q-permanent, 
which we prove next. 
THEOREM 1. Let A > 0 be an n x n matrix, and suppose A = BB* , 
where B = (B,, . . . , B,) is n X r. Then for q E [ - 1, 11, 
per,(A) 2 c k~n(r,n) k,!! .:. k,!! lperq B(k)‘2- 
Equality holds in (9) if q = f 1. 
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Proof. First suppose - 1 < q < 1. Using the fact that the q-permanent 
is a multilinear function of each column, we have 
per4 A = perq( BB* ) 
= per, 6 b,,Bj,..., k b,jBj 
j=l j=l’ 
= kE$r,n) k I .:. k,! ,z 6( B(k)P”)* 
1' 
n 
Thus the result will be proved if we show that for any k E CNr, n), 
1 
k,! *** It,! c wwp”) a k ,,..: k,!!IPerq B(kV* (10) T,_s 1 .. n 
Fix k E fi(r, n) and let C = B(k). Then 
c S(B(k)P”) = c UC) ~er~(c,(,,,...,G,(,,) 
7rES” UES” 
= c d,(C) c d,(C)q”‘“-“ 
UES, TE s, 
= c d,(C) d,( C)cp@) 
(T,TES, 
= c eB(g) eB(V+,, (11) 
V’, ?=9Yk) 
where zzY has been defined in (6). Also, 
lpery B(k)12 =Iper, Cl2 
= c d,(C) dT(C)p)+@) 
CT, TES” 
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Lemma 2, (11) and (12) together imply (10). If q = 1, then the expressions 
(11) (12) are equal and (10) holds with equality. If q = - 1, then again, 
keeping in mind our convention that O/O = 0, it is easily seen that equality 
holds in (10). That completes the proof. 
REMARK. We get the following result for any positive definite function f 
on S,: Let A > 0 be an n X n matrix, and suppose A = BB*, where 
B = (B,,..., B,) is n X T. Then 
XfW 3 c 
ktCNr, n) 
(13) 
where xf( A) = C, E s,f(a)d,( A). 
3. REMARKS AND OPEN PROBLEMS 
Let A > 0 be an n X n matrix. The Hadamard inequality asserts that 
det A < fiuii, 
i=l 
whereas according to the permanental Hadamard inequality [S], 
It is possible to obtain the following extension of (13) (14): 
n 
perg A < n a,, if - 1 < q < 0 
i=l 
and 
n 
per, A > n a,, if O<q<l. 
i=l 
(14) 
(15) 
This extension can be proved using, for example, the first equation in the 
proof of Lemma 4 in [4]. 
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The following conjecture, which is even more general, was proposed in - I 
[S], and it remains open. 
CONJECTURE 1. Let A be an n 
not a diagonal matrix. Then per4 A 
[ - I, 11. 
x n matrix which is positive definite and 
is strictly increasing in q in the interval 
Conjecture 1 has been proved 
positive definite matrix in [6]. 
for n < 3 in [S] and for a tridiagonal 
An analogue of Lieb’s inequality (see, for example, [7,9]> is true for the 
q-permanent when q E [O, 11. We state the result next. 
THEOREM 2. Let A > 0 be an n X n matrix which is partitioned as 
All Al2 
A=A 
[ 1 21 A > 22 
where A,, is square. lf q E [0, 11, then 
perg A > per4 A,, per4 A,,. (16) 
We refer to [6] for a proof, which involves a combination of the technique 
used to prove Lieb’s inequality, as in [9], and a delicate counting of certain 
inversions. Incidentally, if A,, is not a leading principal submatrix, then the 
appropriate reformulation of (16) is not easy to prove and remains open. We 
state it as a conjecture. 
CONJECTURE 2. Let A >, 0 be an n X n matrix, let 1 < r < n, and let 
T c (1,2,. . . ) n} with ]TI = r. Then for q E [0, 11, 
per, A 2 ~ql’v’d,( A) 
where the summation is over all cr E S, which map T onto T. 
Having come this far, it is only natural to surmise that an analogue of 
Soules’s conjecture (see [12,14]) is true for the q-permanent. This is stated 
next. 
CONJECTURE 3. Let A >, 0 be an n x n matrix, and let q E [O, 11. Then 
the largest eigenvalue of II,(A) is per, A. 
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This conjecture has been proved for n Q 3 in [6]. It is tempting to 
conjecture that if 4 E [ - 1, 0] then perp A is the eigenvalue of Il,( A). 
However, this statement is false in general. For example, let 
Then 
1 1 1 
A= 11 1. 
[ 
1 9 9 q2 q2 q3 
4 1 q2 4 q3 q2 
II,(A) =II(A)$ = 4, q2 l q3 q q2 . 
4 4 q3 1 q2 4 
q2 q3 4 q2 1 4 
_q3 q2 q2 4 4 1 _ 
If q = - 0.9, then per, A = 0.091, whereas the eigenvalues of llI,(A) are 
0.019, 0.019, 0.091, 0.361, 0.361, and 5.149. 
The determinant of the matrix r has been given in [16]; for a conjecture 
on the inverse of the matrix r4 see [15] and [16]. 
We thank Professor K R. Parthasarathy for brining reference [4I to our 
attention. 
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